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Performance of MUSIC and ESPRIT for Joint Estimation
of DOA and Angular Spread in Slow Fading Environment

Jung-Sik JEONG!, Kei SAKAGUCHI', Jun-ichi TAKADAT,

SUMMARY It is known that MUSIC and ESPRIT algo-
rithms can estimate simultaneously both the instantaneous Di-
rection of Arrival (DOA) and the instantaneous Angular Spread
(AS) in multiple scattering environments. These algorithms use
the Extended Array Mode Vector (EAMV) with complex angle.
The previous work evaluated the performance of those algorithms
by comparing the estimated DOA and the estimated AS with the
DOA and the AS given in the EAMV, which uses the first-order
approximation. Thus, this evaluation method has not clearly
reflected the estimation accuracy of MUSIC and ESPRIT. This
paper presents the joint estimation performance of MUSIC and
ESPRIT by introducing the criteria for evaluation. For this, the
spatial signature (SS) is reconstructed from the estimates of the
DOA and the AS, and compared to the true SS in the meaning
of data fitting.
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1. Introduction

In multiple scattering environments, the Angular
Spread (AS) causes errors to the data model based on
the plane wave in array antenna signal processing. This
deteriorates the performance of superresolution algo-
rithms for only the Direction of Arrival (DOA) esti-
mation, such as MUSIC [1] and ESPRIT [2]. In re-
cent years, the problem of estimating both the DOA
and the AS of signals has received considerable atten-
tion in mobile communication system [3]-[7]. In [6],
[7], MUSIC and ESPRIT were used in order to jointly
estimate the DOA and the AS in a slow fading chan-
nel. These approaches use the Extended Array Mode
Vector (EAMV) that may represent the instantaneous
AS as well as the instantaneous DOA given during one
data burst. To illsutrate the performance of MUSIC
and ESPRIT for the joint estimation, References [6],
[7] have compared the estimates obtained from MU-
SIC and ESPRIT with the DOA and the AS given in
the EAMV. However, since the EAMYV uses the first
order approximation, the evaluation method in [6], [7]
does not show clearly the performance of MUSIC and
ESPRIT for the joint estimation.

This paper presents the joint estimation perfor-
mance of MUSIC and ESPRIT by introducing the crite-
ria for evaluation. For this, the spatial signature (SS) is
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reconstructed from the estimates of the DOA and the
AS, and evaluated by the criteria that we introduce
here. The estimated SS is compared to the true SS in
the meaning of the data fitting error, which may rep-
resent the proximity of the estimated SS with respect
to the true SS. As a practical problem, the SS recon-
structed from the DOA and AS estimates may be effec-
tively utilized to recover signal waveform and to maxi-
mize Signal-to-Interference plus Noise Ratio (SINR) in
the slow fading environments [8]—[11], in which the SS
is assumed to be constant during one data burst. It
has shown [8] that when both the DOA and the AS are
utilized to combine the received signals, the array out-
put SINR can be considerably improved as compared
to the case of using the DOA only.

This paper is organized as follows. In Sect.2, the
data model for the received signals and the EAMV are
described. MUSIC and ESPRIT for the joint estima-
tion are discussed in Sect.3. The simulation results
followed by conclusions are presented in Sects. 4 and 5,
respectively.

2. Data Model and Extended Array Mode Vec-
tor

In local scattering model [12], as shown in Fig.1, it
is assumed that there is no line-of-sight between the
Mobile Station (MS) and the Base Station (BS). The
received signal from the MS to the BS is modeled as
a superposition of a large number of independent and
identically distributed (i.i.d.) plane waves, which con-
sist of coherent multipath waves.
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Fig.1 Multiple clusters modeled by local scatterers.
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Assume that D narrowband emitter signals,
sa(t), d=1,---, D, impinge on the array antenna with
L elements of the BS and all the time delays of scat-
tered waves are small in comparison with the symbol
duration time. The received signal vector at the BS,
x € CIX1 is modeled by

D Kq4
) =Y Baxa(fa + Oax)sa(t) + n(t)
d=1k=1
= Vs(t) + n(t) (1)
where
S(t) = [Sl(t)7 R SD(t)]T e CcPx! )
V = [’Ul,-“,’UD] S CLxP
Ky 5
Vg = Zﬁdka(ﬁd + 041,) € CLx1 spatial  signa-
k=1
ture characterizing mobile channel,

n(t) € CLx1 additive white Gaussian noise vec-
tor,

Ky :  total number of scatterers around the d-th
MS,

Bar : multipath coefficient with complex ampli-
tude of the k-th scattered signal with re-
spect to the d-th MS,

a(h) e CLx1 array mode vector with DOA 6,

04+ édk arrival angle of the k-th scattered signal

with respect to the d-th MS.

As described in [6], using the first-order approxi-
mation with respect to édk, it is known that vy, d =

-, D, can represent the AS as well as the DOA given
at a time instant of fading under the two main assump-
tions, namely, (i) the slow fading environments, (ii) the
smaller AS as compared with the 3dB beamwidth of
the array antenna. In the slow fading channel, the SS
is assumed to be constant during the observation period
in one data burst. As a result, the SS is approximated
by

v =~ yaa(9q) = yaa (0, + jA0), d=1,---,D, (2)

where
Kq
Vg = Zﬂdk : Fading coefficient;
k=1
Ky ) Ky
§a= Zﬁdkf)dk/Zﬁdk = &ar + j&ui
k=1 k=1
: Spread parameter;
0/, = 04 + Eqr - Instantaneous DOA
perturbed by fading;
Vg =0, + jAGd Complex angle;

Al = fdl : Instantaneous AS;
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a(q) in Eq. (2) is defined as the Extended Array Mode
Vector (EAMYV), where 94 = 6/, + jAf,.

Assume that the noise for each array element is
uncorrelated with the signals spatially and temporally
white, and has its variance o2. The ensemble averaged
covariance matrix of x(t), R € CL*L s given as

R=Elz(t)z(t)) = VR,V + 621 (3)

where (-)# denotes Hermitian transpose operation,
R, = E[s(t)sf(t)] € CP*P is the covariance matrix
of the signals, and I € RE*Z is an identity matrix.
Given N samples, R can be estimated by

2 — % S ()2 (t): ()

Throughout this paper, (A) denotes the estimated value

of (+).
3. Joint Estimation of DOA and AS

The existence of angular spreading causes errors to the
data model based on the plane wave in array signal pro-
cessing. This deteriorates the performance of conven-
tional superresolution algorithms for only the Direction
of Arrival (DOA) estimation, such as MUSIC [1] and
ESPRIT [2]. In [6],[7], MUSIC and ESPRIT based on
the EAMYV were used in order to jointly estimate both
the DOA and the AS. As a result, these approaches
may reduce the effect of modeling error by estimating
the AS as well as the DOA. In this section, MUSIC and
ESPRIT algorithms for the joint estimation are briefly
summarized.

3.1 MUSIC

Using the noise subspace and the EAMV, the cost func-
tion of MUSIC is defined by

e
la@)P

where E € CL*(E=D) denotes the noise subspace, ¥ =
0 + jA0, and || - || denotes the Euclidean norm. Thus,
MUSIC finds D pairs, {6g, Aéd}c?zl, which correspond
to the local minima of f(6, Af) by searching a(¥) in
the complex angle space. Here, it should be noted that
Eq. (5) is the same as that of the conventional MUSIC
when A = 0.

f(0,A0) = (5)

3.2 ESPRIT

The ESPRIT algorithm requires the array antenna with
the structure that can be decomposed into two identical
subarrays. The corresponding elements of the two sub-
arrays are displaced from each other by a fixed trans-
lational distance, A in wavelength. Then, the array
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should satisfy a translational invariance principle [2].
Firstly, we consider the one signal case. The size of
each subarray is assumed to be L — 1. The general-
ized expression of vg), d=1,---,D, i = 0,1 for two
subarrays can be obtained as follows.

Kqg
vy = > Bara(Bar)
=~ %za(ﬁd) (6)

(1) Zﬂ eg27rAsm(0d+6dk)a(0d+9dk)
k=1

~ ,ydejQﬂ'A Sin(ﬂd)a(’ﬁd) (7)

where v&l), i = 0,1 denotes the SS related to the d-
th MS with respect to the i-th subarray. From this,
it is clear that the translational invariance principle
can also be utilized as in the case of plane wave sig-
nal model, so that the estimate of ¥4 = 04 + jAO, can
be obtained. For D signals, the translational invariance
principle may be extended. Thus, when the signal sub-
space is estimated from the obserbation data, we have
resultantly

JEg = JEgV (8)

where J; = [I_; 0] € RE-DXE Jy = [0 I 4] €
R(E-DXL 0 js L-dimensional zero vector, and I_; €
RE-D*(L=1) ig the identity matrix, Eg € CEXD de-
notes the estimated signal subspace, and ¥ € CP*P.
Thus, ESPRIT finds the (total) least squares solution in
Eq. (8), W. As a result, letting {fta, d=1,---,D} be
the eigenvalues of W, the estimates of the DOA and the
AS are obtained from the relation of the phase delays
and the amplitude variations between the two subar-

rays, i.e., e/2mAsinda — j. g =1 ... D. Thus,
Y . _1logfiq
Vg = 0+ jA0; = sin 1m d=1,---,D. (9)
For Ay = 0, the magnitude of the estimated complex
number fig equals to unity. Thus, 0 = sin~! %.
77

In the scattering environments, however, |4 will be
largely deviated from unity as the AS increases. In the
sequel, introducing the EAMV with complex angle to
the ESPRITT we can estimate both the DOA and the
AS.

3.3 Relations with Subspace Fitting

In Eq. (2), it is impossible to individually estimate m
and Barp(k =1, -+, Ky) observed at a time instant. In-
stead of that, we know from Sects. 3.1 and 3.2 that the
DOA and the AS can be estimated by using the pro-
posed MUSIC. In fact, the problem of jointly estimating
the DOA and the AS may be interpreted as the prob-
lem of fitting the observed data as follows. Firstly, for
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one signal case, this problem is given by

[0, 4] = arg min||v - va(9)|[? (10)

where v is the SS. Equation (10) finds the best param-

eters U, 4 that are closest to v. Given a(1)), the least
square solution 4 can be obtained by

. a(®)fv

V= Ta) )

Substituting 4 into Eq. (10), we resultantly obtain the
solution,

4. Computer Simulations

To evaluate the joint estimation performance of MUSIC
and ESPRIT, the EAMV is reconstructed from the es-
timates of both the DOA and the AS, and then the SS
is estimated. The estimated SS is compared with the
true SS in the meaning of “Data Fitting Error,” ey,
which is defined by

@) a2)

where the superscript ‘(¢)’ denotes the burst number,
(1951 ) denotes the estimated EAMV at the i-th burst,

Np = 652 is the numbers of total bursts, and &((;) de-
notes the estimate of the fading coefficient at the i-th
burst. In fact, 7 can be regarded as a measure repre-
senting the proximity of the estimated SS with respect
to the true SS. For comparison, we also construct the
Array Mode Vector (AMV) by using only DOA esti-
mates and calculate €.

Next, we investigate the error contained in the
EAMYV given by Eq. (2) and the error due to the num-
ber of finite samples. The additional criteria for these
errors are established by

Ea = § § H 79(1 )‘ (13)
z 1d=1
1 4l (1) & (9)
_ o\t a0 (1) 5 (i
En = EJY  —EJY 14
2B ¢ (14)

where A = 8" = [&S) — 621 € RP*P is a posi-
tive definite weighting matrix, Fs and X are obtained
from the ensemble average covariance R. ¢, and &,
may be regarded as the first-order approximation er-
ror of the EAMYV and the error due to finite samples,

In the viewpoint of the complex angle estimation, this
idea is similar to the matrix pencil method [13] for estimat-
ing complex parameters of exponentially damped sinusoids.
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respectively. €, is denoted by “Approx. Error” to dis-
tinguish it from € in figures. We represent several ex-
amples that the error of the first-order approximation
dominates the one due to finite samples, i.e., g, > &,.
Such examples are shown in Figs. 2, 5, and 6.

In figures, the AS is defined as oy denoting the
standard deviation of the angular deviations, 04,k =
1,---, Ky, for all d. To clarify the ratio of oy over the
beamwidth of array antenna, the AS normalized by a
half of the 3dB beamwidth of array antenna, o, =
209/BW34p[15], is also represented. o, helps us know
the limit of the allowable AS to decide ¢ required for
an application.

BPSK modulated signals are generated. At BS,
the received signal related to each emitted signal is
modeled as a superposition of Ky =32, d=1,---,D,
i.i.d. local scattered plane waves. Each scattered wave
experiences Rayleigh Fading [16]. The arrival angles for
all scattered waves at BS are Gaussian distributed with
the standard deviation, gy. Throughout simulations,
the average Signal-to-Noise Ratio (SNR) is calculated
for each element. During the observation time of each
burst, the SS is constant, i.e., the slow fading channel
is assumed. The ULA with the interelement spacing of
half-wavelength is employed. The numerical examples
represent, the following several points clearly.

e ¢ obtained from both the estimated AMV and the
estimated EAMV.

e the variation of e due to an increase in the number
of array antenna elements, L.

e the relation among €5, ¢, and €.

e the variation of €; due to the number of samples,
N, which is compared with the case of oy = 0.

4.1 One Signal Case

One signal with the DOA 6 = 0° relative to the array
broadside was assumed to be received. The number
of antenna elements was L = 6, the average SNR was

0.1 02 03 0.4 0.5 0.6
—A— Ea T H lis
LS| o & .
n A
¢ MUSIC (AMV)

1.2{ = MUSIC 12
5 + ESPRIT (AMV) o
g | -x- ESPRIT 5
£ : ¥
) 3 2
0.6 ,/“0-65
a g

,:‘ 8- -
0.3 et 103
H
Q 0
2

3
Gy (deg)

Fig.2 Data fitting error for different op: One signal case.
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14.8 [dB], and N = 127 samples were taken. In Fig. 2,
€¢, €q, and &, for different og are illustrated. The case
that uses only the AMV estimates is defined as MU-
SIC (AMV) and ESPRIT (AMV), whereas the case
that uses the EAMV estimates is defined as MUSIC
and ESPRIT. ¢; obtained from the estimated AMV is
larger than that by the estimated EAMYV. ¢ obtained
by using MUSIC and ESPRIT are smaller than ¢,. The
difference is remarkable when oy becomes large. From
this, it is clear that MUSIC and ESPRIT for joint esti-
mation can obtain more accurate SS estimates than the
conventional methods considering only the DOA. This
result also shows that the EAMYV estimates can recon-
struct the SS more accurately than the EAMV given
by Eq. (2).

To help us understand the results in Fig. 2, the
estimated signal subspaces spanned by the AMV and
the EAMYV obtained from MUSIC are conceptually and
geometrically depicted in Fig.3. In fact, the true SS
v1 no longer belongs to the conventional array man-
ifold over the real angle, {a(f;)}o,cr, due to the AS.
v1 will indicate the specific point that belongs to L-
dimensional complex space, as shown in Fig.3. The
conventional MUSIC finds a(f;) by scanning the trace
of array manifold over real angle and then cannot find
v accurately. On the other hand, when MUSIC for the
joint estimation is used, we find resultantly the EAMV
estimate closer to the true SS by searching the EAMV
in the complex angle planes (see also Reference [6]).
Note that the estimated EAMYV is more closer to v
than the EAMV given by Eq.(2). It follows that the
improved accuracy in the SS estimation based on the
EAMYV will be one of important factors to enhance the
performance of mobile communication system. It has
shown [8],[9] that the estimated EAMV can increase
considerably the array output SINR as compared to
the case of using the estimated AMV, when MUSIC for
the joint estimation is used for the signal combining.

Next, we know that the effect of ¢, becomes in-
creasingly larger as oy increases, as compared with &,,.
This means that the effect due to the finite samples acts

Trace of array manifold
over complex angle planes

Trace of array manifold
over real angle planes

MUSIC(AMYV)
@(6))

........ EAMYV given by Eq. (2)

Fig.3 Geometry of the signal subspace spanned by the EAMV
estimate, which is obtained from MUSIC.
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Fig.4 Data fitting error for different antenna elements
when og = 1.5°.

as a marginal factor in the AS environments. For ey,
MUSIC shows better performance than ESPRIT. For
instance, to obtain ey = 0.3 from the estimates, the
allowable AS is gy = 3.95° for MUSIC, and o9 = 3.5°
for ESPRIT.

Figure 4 showes e¢; for different number of an-
tenna elements when gy = 1.5°. The average SNR was
15.2[dB]. The fewer the elements, the smaller €. It is
natural that the error of the EAMYV estimates increases
as L becomes large. Practically, for the fixed oy, the
large-sized array antenna brings about the relative in-
crease in o,. Thus, 5 becomes larger as L increases. It
also implies that the estimation accuracy of the DOA
and the AS are closely related to o,, which gives the
allowable AS with relation to the 3dB beamwidth of
antenna. If we focus on the proximity between the
EAMYV estimate and the true SS in the AS environ-
ments, it is found that the large-size antenna itself is
not always advantageous for the improvement of the
estimation performance.

Finally, we know from Figs. 3 and 4 that ¢ in MU-
SIC is smaller than in ESPRIT. For one signal case,
these results are good examples that MUSIC may pro-
vide the best fit solution, as mentioned in Sect. 3.3.

4.2 Two Signals Case

Two signals with their DOAs 6; = —10°, 6y = 10°
were received. The ULA with L = 6 was used and
N = 127 samples were taken. In Fig.5, e for differ-
ent oy were represented. The average SNRs of the two
signals were 14.9 [dB] and 15.2[dB], respectively. As
in the one signal case, ¢y in MUSIC and in ESPRIT
are smaller than ¢,. However, ¢ in MUSIC is compa-
rable to ESPRIT. Figure 5 also represents &,. As oy
increases, the effect of the finite samples on the EAMV
estimates is negligible as compared with &,.

Figures 6(a) and (b) show ¢ for different numbers
of samples when oy = 0°, 1.5°, respectively. It is clear
that €, = 0 when og = 0°, and € decreases gradually.
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Fig.5 Data fitting error for different op: Two signal case.
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Fig.6 Data fitting errors for different snapshots.

For this case, it was found that the variance of the
DOA estimates corresponding to €y decreases in the
order of O(1/v/N). This result agrees well with the
plane wave signal case, as described in [17]. However,
when o9 = 1.5°, we know that ¢, is not the major
factor deteriorating the estimation performance of the
EAMV. As a result, the improvement effect of €; was
not found even for a larger N.
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5. Conclusions

In multiple scattering environments, the performance
of MUSIC and ESPRIT for joint estimation of the
DOA and the AS were analyzed. The criteria for
performance evaluation were established and evaluated
through computer simulations. It is concluded as fol-
lows:

e If we focus on the proximity between the EAMV
estimates and the true SSs, the small-sized antenna
may improve the estimation performance for MU-
SIC and ESPRIT.

e The effect due to finite samples is not dominant as
compared with the plane waves model, since the
first approximation error becomes dominant even
for small AS.

e MUSIC and ESPRIT for joint estimation can re-
duce the effect of modeling error by estimating
both the DOA and the AS.

For further study, the performance evaluation of the
estimators with higher accuracy, such as the multidi-
mensional MUSIC and the weighted-subspace method
[14], should be done. Using these estimators, we may
obtain the estimates of the SS that closely approximate
the true SS. In practice, our concern is how much the SS
estimates can contribute to the performance enhance-
ment of array antenna systems.
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